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APPENDIX

REFERENCE DATA
AND TABLES

A.I GLOSSARY OF NOTATION

The following symbols have been used throughout the book and are
collected here for ease of reference. Whenever possible, standard usage has
been adhered to.

(1) Bn. The nth Bernoulli number, defined in terms of the coefficients of
the power series expansion of

00

eZ~1 =I-iz+ L(_l)n-lBnz2nj(2n)!I

(2) Bn(z). The nth Bernoulli polynomial, defined as the coefficient of
tn j n! in the power series expansion of teZlj( eZ - I)

(3) Cln(O). The generalized Clausen function. If n is even,

Cln(O)= ~ sin;0; if n is odd, Cln(O)= ~ cos;O
I r I r

f
x logn- IIxl (cos a+ x) dx

(4) Dn(x,a)= . 2' Kummer's function related to
0 I + 2x cosa + x

ReAn(xeia)

f Xlogn-llxl sinadx
(5) EnCx,a) = 2' Kummer's function related to" 0 I + 2x cosa + x

1m An(xeia) ,

(6) En' the nth Euler number, defined in terms of the coefficients of the
00

power series expansion of secz= 1+ L Erz2rj(2r)!
I

(7) G. Catalan's constant = ~ - ~ + ~ -..., 12 32 52
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(8) G1n(lJ).The associated Clausen function. If n is even,

G1iO)= ~ cos:O; if n is odd, G1n(0)= ~sin:O
Ir 1 r

(9) y. Euler's constant, = !~~ [(1+ !+ . . . + ~ )-log n)
(10)i= v=T
(11) Im=imaginary part of

(12) L(x). Newman's function,

uses of L also occur.)
n . X X2 X3

(13) £ (1+x ) Spence'sfunction = - - - + - = -Li ( -x )
. ' In 2n 3n n

(14) log(x). The Napierian logarithm (only logarithms to base e are used)

(15) logn(x):=[log(x))".

(16) Lin(x). The polylogarithm of order n,
x X2 . X3 f

x

=-+-+-+... = Li (x)dxjx
In 2n 3n 0 n-I

(17) Lin(r,O)=ReLiireilJ)

(18) LsiO). The log-sine integral of order n, = - flilogn-112sin!0IdO0

(19) Ls3(0, a). The extended log-sine integral of the third order of argu-
ment 0 and parameter a, = - fn logl2sin! 0 Ilog 12sin(i 0+ 4 a)1dO0

(20) Ls~m)(0). The generalizedlog-sine integral, of order n and index m,

= - fn omlogn-m-I\2sin 101dO0

fXIOgn-llxl
(21) Aix). Kummer's function, = 1 dx0 +x

(22) [x] =the integral part of x
(23) '¥(x). The logarithmic derivative of the Gamma-function,

=f'(x)/f(x) .

(24) Re =real part of
(25) sgn(y):= +if y is positive, -if y is negative .

3 5

(26) Tin(y). The inverse tangent integral of order n, = in- ~n + ~n - . . .

= fY Tin-l(y)4Y/y; Ti2(y)= fY tan-l(y)4Y/y0 0

(27) Ti2(y, a). The generalized inverse tangent integral of order 2,

f
y tan-ly= -4Y

0 y+a . .

(28) Tin(y, a). The generalized inverse tangent integral of order n,

= f
Y

[
Tin-l(y) + Tin-I(y, a) Tin-I(y, a) )4Y

0 y+a Y y+a.

=f X _log(x) dx= -Li2(I-x) (Ad hoc
1 I-x .
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(29) Xn(x). Legendre's chi-function of order n, = ~ + ~n + ~n + . . .
00

(30) r(s). Riemann's zeta-function, = 2: n-S
1 00

(31) r(s, a). The generalized Riemann zeta-function, = 2: (n+a)-S
0

A.2. LIST OF SELECTED FORMULAS

The following list of formulas is selected from the results given earlier in
the book, or from the literature in the case of a few equations whose
derivation is so close to that of those already given that further analysis
should be unnecessary. In order to keep the list reasonably short, refer-
ences are made when appropriate to the relevant sections for further
equations similar to those quoted. In general the results are given ap-
proximately in the order in which they occur, chapter by chapter.

A.2.t. The Dilogarithm

j XIog(I-Z) x x2 X3
(I) Li2(x)=- dz=-+-+-+...when Ixl~ 1

0 z 12 22 32

(2) Li2(1)=?T2j6 .
(3) Li2(-1)=-'lT2j12

(4) Liii)=?T2jI2-11og2(2)

Further numerical relations are given in Section 1.4.

(5) Lii -x)+ Lii -Ijx)= -'lT2/6-!log2(x), x>O
(6) Li2(x)+Liiljx)=?T2j3- .kJog2(x)-i'ITlogx, x> I
(7) Li2(x)+ Lii1-x)='lT2/6-1ogxlog(l-x)

(8) Li2(X)+Li2( - 1~x)=-1Iog2(I-x), x<l

(9) Liix)+ Li2(x~ I) = 1'IT2-11og2(x-I)+ i'ITIog(x~ I ),

(10) Li2( -x)- Li;;!(1-x)+ 1Li2(1/x2)=10gXlog(x: I ),

(11) Li2(1-X)-Liil/X)=tIOgXIOg
[

x 2
]

-'lT2/6,
(x-I)

(12) Li2 (I ~x) - Li2(-x)='lT2j6-110g(1 +X)IOg(I:2X),
(13) Li2(x)+Li2( -x)= 1 Liix2)

(14) Li2( l:x)+Li2( 1-=-:)=1Li2( 1--:2 )-~log2( :~~),
-1<x<1

x>1

x>l

x>1

x>o
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(15) Lii2x-X2)+ 2Li2 (2~X)-2Liix)='lT2 /6-log2(2- x),
x<l

Further relations of this nature are g:,,;; in Section 1.5.

(16) Li2( l~x' l~y)=Li2( l~y)+Li2( l~x)-Li2(x)-Li2(Y)

-log(l- x )log(l- y) (Abel)

(17) Li2(xy)=Li2(x)+Li2(y)- Li2 [ xi~-~) ] - Li2 [Yi~-~) ]

-lOg( ll~~ )log( t:::) (Hill)

(18) Li, [:i~ =;~ ] ~Li,(x)- Li,(y)+Li,(y jx)+ Li, (: :::;) - ~6'

(
I-X

)+ log X log 1 - y (Schaeffer)

(19) Li2
[

X(I-yi

]
=Li2

[

-X(I-y)
]

+Li2
[

- (l-y)

]
y(l-x)2 I-x y(l-x)

[

x(l-y)

]
(

l-Y )+Li2 y (I-x) +Li2 I-x +41og2(y) (Kummer)

Other relations of a similar nature will be found in Sections 1.5 and
8.3.1, where ranges of validity are discussed.

(20) 2Li2(x)+2LiiY)+ 2Li2(z)=Li2( -xy /z)+ Li2( -yz/ x)+

Lii '-zx/y), where l/x+ l/y+ l/z= 1 (Newman)
(21) 2Liixy)+2Li2(yz)+2Li2(zx)= Lii _X2)+ Lii _y2)+ Li2( _Z2),

where x+y+z-xyz=O
N N

(22) Li2(y)='lT2/6+ L L[Li2(xrnAn)-Li2(Am/An)]' where the xm are
t t

N

the roots of the equation II(1-Anx)= l-y
. t

~" 1J
x

(
1+ x

)
dx I' I'

(23) xix)="2 0 log I-x -;- ="2Ltix)-"2 Lt2( -x)

x X3 X5
=-+-+-+"',Ixl~ 1

t2 32 52 -

(
I-X

) (
I+X

)(24) X2(X)+X2 l+x = 'IT2/8 + 4log I-x log x

(25) Xil)='lT2/8

"' ...,,,,. vr ~r.Lr.'--lr.J..J rVKMULA:> .tIS:>

Other numerical relations for xix) are given in Section 1.8.

(26) X2( e -2i9) + X2(itanO)='lT2/8 + iOlog(itanO)
2 B 3 B 5

. -z 2 Z IZ 2z

(27) Lt2(e )='IT /6+(zlogz-z)- 4 + 2.3.2! - 4.5.4! +...,
Izl<2'IT

A.2.2. The Inverse Tangent Integral of Second Order

Jy tan-Iy y y3 y5
(1) Ti (y)= 4Y=---+ when Iyl~ 1. 2 0 Y e 32 52

(2) Tiil)=G=O.9159655942

(3) Tiitan 'IT/12) = Tii2 - y3) = 2G/3 + ('IT/12)logtan( 'IT/12)

Other results of a similar nature will be found in Sections 2.5 and 2.6.

(4) TiiY)-Tiil/y)=sgn(y)~ loglyl, y real

(5) Ti (.! 2) +.!Ti
[

y(2+y)

]

-.!Ti
[

y(2-y)

]

+Ti (-.-L- )22Y 2 2 2(I+y) 2 2 2(I-y) 2 2+y

-Ti2 (2~Y) +Tiil-y)+Ti2 (1~y )=2G+ ~ log( ~~; ).

-1 <y < 1 (Spence)

An. extension of the range in y is given in Section 2.3.

(6) 2Tii!)+Tiii)+ 4Ti2G)=3G- 4 'ITlog2

(7) i Ti2(tan30)=TiitanO)+Ti2 [tan( ~ -0)] -Ti2 [tan( ~ +0) J
'IT

1
{

tan[('IT/6)+OJ

}
/6 0 /6+ - og - 'IT < < 'IT

6 tan [( 'IT/ 6)- 0J ' .'

(8)' 2n~ 1 Ti2[tan(2n+ I 0)] = TiitanO)

n .

[ (

2r-l'IT

)]

n .

[ (

2r-l'IT

)]- L T12 tan ( +0 + L T12 tan ( -()t 22n+l) t 22n+l)

[

2r-l'IT

0]
tan +

t'IT In. 2(2n + I) !'IT t'IT

+2n+l~(2r-I)log

[

2r-l'IT

]

'-2n+I<0<2n+l
tan - 0

2(2n+l)
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(15) Li2(2X-X2)+2Li2( 2~X )-2LiiX)='TT2/6-10g2(2-X),
x<l

Further relations of this nature are g"" in Section 1.5.

(16) Li2( l~x' l~y)=Li2( l~y)+Li2( l~x)-Liix)-Li2(Y)

-log(l- x) log(l- y) (Abel)

(17) Li2(xy)=Li2(x)+Liiy)-Li2 [xi~~) ] -Li2 [yil:;) ]

(
I-X

) (
l-Y )-log - log -l-xy 1-.ry

(18)Li, [~g =;~ ]~Li,(x)- Li,(y)+ Li,(y / x)+Li, (:=;) - W6'

(
I-X

)+ log X log 1- y

(Hill)

(Schaeffer)

(19) Li2
[

x(1-yi

]

=Li2
[

- X(1-y)
]

+Li2
[

- (l-y)
]

y(l-xi I-x y(1-x)

.

[

X (1-y)

)

.
(I-Y ) 12

+L12 y (1-x) +L12 I-x +zlog (y)
(Kummer)

Other relations of a similar nature will be found in Sections 1.5 and
8.3.1, where ranges of validity are discussed.

(20) 2Li2(x)+ 2LiiY)+ 2Li2(z)=Li2( -.ry /z)+ Lii -yz/x)+

Li2( -zxly), where l/x+ l/y+ l/z= 1 (Newman)

(21) 2Li2(xy)+2Li2(yz)+2Liizx)=Lii _X2)+ Li2( _y2)+ Li2( _Z2),
where x+y+z-xyz=O

N N

(22) Li2(Y)='TT2/6+ L L [Liixm;\n)-Li2(;\m/;\n)]' where the xm are
I I

N

the roots of the equation II(1-;\nx)= l-y
I

"' I f
X

l (
l+x

)
dX I' I'

(23) X2(x)=Z 0 og I-x ~=zL12(X)-zLli-x)

X X3 X5
=-+-+-+... Ixl~ 1

t2 32 52 ,-

(
I-X

)
I (

l+X
)(24) XiX)+X2 l+x ='TT2/8+zlog I-x logx

(25) Xil)='TT2/8
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Other numerical relations for X2(x) are given in Section 1.8.

(26) X2( e -2;9)+ X2(itanO) ='TT2/8 + iOlog(itanO)
2 B 3 B 5

. -z 2 Z IZ 2z
(27) Llie )='TT/6+(zlogz-z)- 4 + 2.3.2! - 4.5.4! +...,

Izl<2'TT

A.2.2. Tbe Inverse Tangent Integral of Second Order

f
y tan-Iy y y3 y5

(1) Ti2(Y)= 4Y=---+--"'whenlyl~ 1. 0 y t2 32 52

(2) Tiil)=G=0.9159655942
(3) Ti2(tan 'TT112) =Ti2(2- y3)=2G /3 + ('TT112)logtan( 'TT112)

Other results of a similar nature will be found in Sections 2.5 and 2.6.

(4) Tiiy)-Tiil/y)=sgn(y)"iloglyl, y real

(5) Ti .(
.! 2) +.!Ti

[

y(2+y)

)
-.!Ti

[

y(2-y)

)
+Ti (-L.- )2 2Y 2 2 2(1+y) 2 2 2(1-y) 2 2+y

-Ti2 (2~Y) +Tiil-y)+Ti2 (1~y )=2G+ ~ log( ~ ~~ ),
-1 <y < 1 (Spence)

An extension of the range in y is given in Section 2.3.

(6) 2Ti2(i)+Tii~)+ i Ti2G)=3G- i 'TTlog2

(7) ~ Ti2(tan30)=Ti2(tanO)+ Ti2 [ tan( ~ - 0)] - Ti2 [tan( ~ + 0)]
'TT

..

1
{

tan[('TT/6) +0]

}
/6 0/6+ - og , - 'TT < < 'TT

~ tan[('TT/6)-0]

(8) 2n~ 1 Ti2[tan(2n+ 10)]=TiitanO)
n

[ (

2r-1'TT

) ]

n .

[ (

2r-1'TT

) ]- L Ti2 tan ) +0 + L T12 tan ( ) -(JI 2(2n+l I 22n+l

[

2r-l'TT

]

.
I tan +0 I 1
'i'TT : n 2(2n+ 1) 'i'TT 'i'TT

-1".-
2 1 L(2r-l)log

[

-

]

' -- 2 1
<0< -2 1n+ I 2r-l'TT n+ n+

tan -0
2(2n+l)
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(9) Ti2
[

4y(l+y)(2+y)

]
+Ti2

[

4y(l-y)(2-y)

](2_y2)(2+4y+y2) (2-y2)(2-4y+y2)

+2Ti
(

2+4y+y2
)

-2Ti
(

2-4y+y2

)
+4Ti (-L- )

2 2-y2 2 2-y2 2 2+y

+4 Ti2(2~y ) -4Ti2(1 +y)+4Ti2(I-y)- 8Ti2(2=:2 )

= -i'ITlog
(

2+4y +< )
+'lTlog(l

l-y ), -(2- y'2) <y «2- y'2)
2-4y+y +y

(10) Ti2
[

4y(l+y)(2+y)

]
+2Ti2

(
2+4y+y2

)
+4Ti2 (-L- )

(2_y2)(2+4y+y2) 2-y2 2+y

-4Ti2(1 +y)-4Ti2 (
~

)
+2Ti2

(
2-y2

)
+Ti2

(
4y2

)2-y2 2+y2 4-y4

[

2+4y+y2

]
=-i'ITlog , -2+y'2<y<y'2

(2+y2)(1 +y)2

An extension of the range in y is given in Section 2.7.

(11) Ti2(7 /24)+ 2Ti2(1/7) +6TiiI/3)- 8TiiI/2)+Tii3/4)

+ -i'ITlog(3 /2)= 0

(I2)2Ti2
(

2y'2Y
)

=Ti2
[

a2+y

]
-Ti2

[

a2-y

]
+Ti2

[

~(I-Y)

)I-y2 a(I-y) a(I+y) I+a2y

- T
'

[

a(I+Y)

]

I T
'

(
2ya

)
I T

'

(
2y

.

a

)12 + 2 12 + 2 12
I-a2y . I-y2a2 a2 _y2

1 '

[

4ya(I-a2y2)

]

1 .

[

4ya(a2-y2)

]+~n2 . +~n2
(I-y2)(I-a4y2) (I-y2)(a4 _y2)

'IT

[

(a2 +Y)(I-a2y)

]

- _
8 log , -a2 <y <a2, a=tan('IT/8)= yl2-1

(a2 -y )(1 +a2y)
M+I

[

M

)(13) COS2(-iM'IT)Ti2(y)= n~l m~l Ti2(amxn)-Ti2(xn) , where the xn

x+y SX-SX3+...
are the roots of ~ = 1 3 4 and Sr is the sum of-xy I-S2x2+S4x -..,

the products of the am taken r at a time

(14) f
[

Ti2 (
A

) +Ti2(x; )]
=Ti2(y)+ i Tiixn)'

I XnXn-l I

where Xo=X3' A = -i(S+ VS2 -4P), S=XI +X2 +X3 +y,

P=XIX2X3Y' and tan-l(xI)+ tan-l(x2)+tan-l(x3)+tan-l(y)=O
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The range of validity of the above two formulae is discussed in Section
2.8.

.

[

I-Z+lWZ

] [

I-W+lWz

]
(IS) Ti2 - ~ +Ti2 - ~ +2Tii-iwz)+TiiI-w)

I-w+2wz I-z+"2wz

, ,

(
W

)
,

(
Z

) 1 '

[

2( 1- w)

]
+Tl (I-z ) -Tl - -Tl - --Tl

2 2 2-w 2 2-z 2 2 w(2-w)

1 '

[

2(I-Z)

]

,

[

I-(1-W)-iWZ

]

.

[

I-(I-Z)-iWZ

]
-2T12 +T12 I +T12 1

z(2-z) I-w+2wz I-z+2wz

.

[

W(I-Z+-iWZ)

]

.

[

Z(I-W+-iWZ)

]
-T12 - 1 -T12 - 1 2

2-W+2W~ 2-z+2~

_lTi

[

- 2(I-T=W-iWZ)(I-W+-iWZ)

]

2 2

( 1 2 )(
I

)W 2-W+2W Z l-z+2wz

- !Ti

[

- 2( I - ~-iwz )( I - z + iwz)

]
2 2

(
1 2

)(
1

)z 2-z+2wz I-w+"2wz

[

Z(I~W+iZW)

]

=2Ti2(1)+'lTsgn(w-z)Iog -
w( 1- Z+ izw )

'IT

[

. w2z2(I-z+iwz)(I-w+iwz)

]

- - log
4 (2-w)(2-z)(2-w+ iW2z )(2-z+ iwz2)

The range of validity of this formula is discussed in Section 2.8.5.

A.2.3. The Generalized Inverse Tangent Integral of Second Order

Ix tan-I(x)
(I) Ti2(x, a)= dx

0 x+a
(2) Ti2(x,O)=Ti2(x)
(3) Tiix,oo)=O
(4) Tii-x,a)= -Tiix, -a)

a. tan-I(x) 1
[ (

a+x
)(5) _a Tlix, a)= - -log -

a x+a I+a2 a

- i log(1+ x2) +atan-I(x )]'0

[

2 1/2

]
(6) Tiix, a)- Tiia, x)=Tiix)- Ti2(a)+tan-l(a)log a(1 +x )a+x

[

x(I +a2)1/2

]
- tan-I(x )log

x+a
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(7) Tiz{l,a)=tTiz( ~~:)-tTiz{a)-~Tiz( l:aaZ)

(aV2 )
'IT .

[

l-a4

]
+tG+tan-l(a)log -1

--
S log

+a (l+at

(

1+aZ

)(8) Tiz(lja, a)= t tan-l(lja)log -;;:-

(9) Tiz( ~~:,a)=tTiz( ~~:)-tTiz(a)-~Tiz( l:aaZ)+tG

(
2aZ

)

'IT

(

1+aZ

)+ttan-\a)log
.

- +-
S log -

l+az l-az

(10) lim Tiz(a- e, - a)= tan-l(a)logl ej a 1+ Tiz{a)
£-,>0

- t log(l +aZ)tan-l(a)
(11) lim Tiz{x, a)= t 'ITlog x- ~ 'lTlog(l +az)-Tiz(a)+tan-l(a)loglal

x -,>00

(12) Ti
(
~,~

)
=2Ti (x+y , x+y )+2Ti (I-x ,

...

I-X
)-

z l-xz l-yZ z l-.xy l-xy z l+x l+x

.

[

(l-xy)z 2

]
2Tlz{y, y)+tan-l(x)log "2

(l + x )z 1+ Y

[

yZ(l +xZ)

]

'IT

[

2(1-x)z

]+tan-l(y)log z - 4"log z
(x+y) l+x

(13) Tiz{x, a)+ Tiz{ljx, Ij a) - Tiz(x) = t 'ITlog
[

a+ x I

]

- Tiz(a)
x(1 +aZ)I

+tan-l(a)log(a), x, a>O

(14) Tiz{ -x, a)+Tiz( -ljx, Ija)+Tiz(x)= - t 'lTlog
[

x-a

]x(1 +aZ)

-Tiz(a)+tan-l(a)log(a), x, a>O

(15) Tiz{x, Ijy) + Tiz(Y, Ij x) = tan-l(x)log
[

1 +.xy

](1 +yZ)I!Z

[

l+xy

]
+tan-l(y)log

(I +XZ)I!Z

(16) Tiz(x,a)-Tiz (I-ax ,a )=tan-l(lja)IOg
[

a+x

]a+x (l+aZ)I!Z

(17) T
.

( ) T
.
(

I-bx
b)

T.
(

I-bx l+ab
) T.

(
1 I+ab

)lz x,a - lz b+x' + lZ b+x' a-b - lZ b' I-ab

=tan-\Ijb)IOg
[

(a+x)b

]a(I +bZ)I!Z
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(
I - bx I + ab

)
.
(

I I + ab
)(18) Tiz(x,a)-Tiz{x,b)+Tiz b+x' a-b -Tlz b' I-ab

(
a+x b

)=tan-I(Ijb)log -. -
.b+x a

Other equations of this nature may be found in Section 3.3.4.

..

[

sin(O+If»

]
(19) T1z(tanO, tanlf>)=Tlz[tanO, - tan( If>+ 0)] +Olog .smlf>

(20) Tiz(tanO, tan If>) - Tiz(tanO, tan If;)= Tiz[tan( 1f>-tJ;),tan(O+If;)]

-Tii[tan(If>-If;),tantJ;]+(If>-If;)lOg
[ . ~inlf> ) ]sm cp+ 0

+ 0log
[

sin( 0 + If»

]sin( 0+tJ;)

See also Sections 3.3.5 and 3.3.6.

(21) Tiz ( l
a+x

)=Tiz{a)+tan-l(a)lOg
[ t+x ) ]

+ Tiz{x, a)-ax a I-ax

+Tiz( -x, Ija), x< Ija

(22) Tiz (
1+ax

)=Tiz{Ija)- tan-l(lja)log
[ t-X ) ]

+ Tiz(x, Ija)a-x a l+ax

+Tiz( -x, a), x<a

(
a+x

) [

a+b+X(l-ab)

]
(23) Tiz _1 ' b =Tiz(a, b)+tan-I(a)log ( )( ) .-ax a+b I-ax

+Tiz(X, ;~:b)+Tiz{-x,lja), x<lja

[

x( a+ 1j a)

]

. .
j

. .
)(24) Tiz -- =Tlz{ax)+Tlz{X a)~Tlz{xa, a)+Tlz( -xa, a

l-xz

-Ti (~,-!- )+Ti (-~, ! ),z a a z a a Ixl<:l

Further formulae of this form are given in Sections 3.5.3-3.5.5.

(25) Tiz
[

x(b+ I~b) , a(b+l~b)
]

-Tiz
[

x(b+ l~b)
]

= Tiz{bx, ab)
I-x I-a I-x

+Tiz(xjb, ajb) + Tiz{bx, -bja)

+ Tiz{xjb, -ljab)-Tiz{bx)-Tiz(xjb)

(26) Tiz
( ~, ~ )-4Tiz(x, a)=Tiz ( 2x z)-2Tiz{x)

I-x I-a I-x

-2Tiz ( l
a

.

+x
)+2 tan-l(a)log

[ t+x ) ]
+2Tiz{a)-ax a I-ax
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(27) 4Ti2(X' ~~:)-4TiiX,a)=Ti2( 1~:2)+2Ti2(a)-2Ti2( ~~:)

.

[

2x(l-a2)+2a(l-x2)

]

.

[

I +a+x(l-a)

]
-Tt2 +2T12

(l-a2)(I-x2)-4ax l-a-x(1 +a)

2T
'

(
a+x

. ) 4 -i
e )1

[

(l+a)(x+a) 1

]
- 12 - + tan a og . -

I-ax x(l-a)+I+a a

_:!!.IOg
[

I-a. l+a+X(I-a)
]2 l+a l-a-x(l+a)

Sections 3.5.7-3.5.10 contain further fonnulas of a similar character.

(28) tTi2
(

r2sin20

)
- tTi2

(
r2sin20 , tan20

)l-r2cos20 l-r2cos20

T
.

(
rsinO

) T
.
(

rsinO .

0) T'

(
rsinO

)=1 -I tan-I
21-rcosO 21-rcosO' 21+rcosO

.
(

rsinO
)+T12 1 o,-tanO+ rcos

I n

[

x-COS(Om)

](29) -Ti2(xn)=L(-I)m-ITi2 . ( ) ,cot(Om)n I sm Om
Ii.]

+ cos2(n'1T/2){ t '1Tlogx+ 2 L (- l)m-I[Ti2(tanOm) -Omlog(tanOm)]}'
I

where Om=(2m-l)'1T/2n
n-I

{ [ ]

1 . ,r?T-ncp
(30) -;;TI2[tan(nO), tan( ncp)]= L TI2 tan 0, tan( n )

0

- Ti2[ tanO, tan( ~'1T) ]}

[

.

(
-2XIX2

)

.

(
-2XIX2 2XIX2

)(31) L TI2 2 2 -Tt2 . 2 2' 2 2
x,y,z I +XI -X2 I +XI -x2 XI -x2

.

( XIY2 +X2YI )
.
( XIYl +x2YI XIYl +X2YI

)]
-2T12 +2T12 , =0,

1+X2Y2 -XIYI 1+X2Yl -XIYI x.Y. -X2Y2.

where XI +YI +ZI =XIYlz. -x.Y2z2 -x2Y2Z1 -x2Ylz2'

x2 +Y2 +Z2 =XIYIZ2 +XIY2zl +X2Ylzl -X2Y2Z2
n-'

(32) TiitanO, tancp) = +Ti2[tan(2nO), tan(2ncp)]- ~ L 4 -mV(2mO,2mcp),
2 no'

where V(O,cp)=Ti2(tan20) - 2Ti2(tanO) - 2Ti2[tan(0+cp)]
+ 2Tiitancp)+ 2cplog[tan(0+cp )/tancp]
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(33) 2Ti2(y, 1)=Ti2 (~ ~~) + Ti2(y)
I .

(
2y

)
I

(l-y )--Tt - --'1Tlog - -G
2 2 l_y2 4 1 +y

(34) 4 Ti2[tanO, tan( '1T/8)] = 2 Ti2[tan( 0+ '1T/8)] - 2 Ti2[tan( '1T/8)]

+2TiitanO)- tTiitan20)- ~Ti2(tan40)+ tTi2[tan(20+'1T/4)]
I I

[

tan(O+'1T/8)

]

I

-iG-4'1Tlog tan(;/8) -g'1Tlog[tan(20+'1T/4)]

For other equations of this nature see Sections 2.3 and 2.7 and Section
3.9. .

(35) Ti2 (i.:.-~ ' A) =TiiY, a)+Tiiy, b)-Tiiy, c)- TiiY, e)

+Ti2 (z, 1 / )+Ti2 (Z' I /b )-Tiiz,I/C)c+e-ce a c+e-ce

- Ti2(z, 1/ e), where tan-fell A) = tan-I(c)-I:;.tan-I( e) - tan-I(a)
-tan-I(b), z= -y/[ce+y(c+e)], and A(ce-ab)=ab(c+e)

For a more general relation see Section 3.10.

A.2.4. Clausen's Function

(I) Liiei8)= ~co\nO +i £ sin;0 =GliO)+iCliO)I n I n

(2) GI (0) = '1T2 02 -2'1T101
2 6 + 4 '

(3) CIi 0) = - fe logl2 sin t 0 IdO
0

(4) Cli2n'1T:tO)=Cli:tO)= :tCl2(O)
(5) Cli'1T+O) = -Cl2('1T-0)
(6) CI2(0)= -Cli2'1T-O)
(7) Clin'1T)=O. In particular Cli'1T)=O

f
"/2

(8) log(sinO)dO= -t'1Tlog2
0

(9) Clit'1T)=G
(10) Cli3'1T/2) = - G

-2'1T;;;'0;;;' 2'1T

Other numerical relations are given in Sections 4.3 and 4.5.

(II) Maximum value of CliO) occurs when 0='1T/3
(12) tCI2(20)=CliO)-Cli7T-0)

I -
(13) - ClinO)=CI2(0)+CI2(O+2'1T/n)+...+CliO+n-127T/n)n .
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I

(14) Clz(2'17In) + Clz(4'17/n)+ . . . + Clz(2n -1'17/n) =0
. I ~ (

2r'17+O

)(15) Clz(O)= -OloglsffiiOI+O+ t 20-2r'17log2r'17-0 ,-2'17<0<2'17

(

B OZ B 04

)(16) Clz{O)=O 1-logIOI+ 2';2! + 4'~4! +... ,

(17) Tiz(tanO)= OlogltanOI+ tClz(20)+ fClz( '17- 20)
.

I

sine0+ 4»
I(18) Tlz(tanO, tan 4>)=Olog cos 0 + tClz{20+ 24» + t Clz( '17- 20)

- t Clz{24»
(19) Clz(44))=4 Tiz(tan4>, tan 4>) -44>logI2sin4> I
(20) 3Clz( 4»+ 2Clz{t '17-4» + Clz( '17-4>)=6G,

5

(21) ~ [Clz(20n)-Clz{20n+z +20n+3)+Clz{20n+z +20n+3-20n)]=0,
) -

where sin(O)+OZ+03 +04 +05) = sin(OI +Oz +03 -04 -05)+four other
terms cyclically derived (OS+mis to be interpreted as Om)
5

(22) ~ [Clz(2a-24>n+1 -24>n+4)+Clz(2a-24>n+z -24>n+3)
)

0< 101 <2'17

tan 4>=4/3

5 5

-Clz(2.pn)]=0, where 0= f~ 4>nand sina= ~ sin(a-2.pn)
) )

In Egs. (23) to (26).p and 0 are related, by tan4>=ttan(0/2).

(23) 3Clz(20) + 2Clz(24))- 3Clz(24) -0)- Clz{30- 24» - 6Clz(0) =0,
(24) 2Clz{24»- 3Clz(2.p-0) -Clz(30- 2.p)- 6Clz{ '17-0) =0,
(25) 2Clz( '17-0) - 3CI2(2.p-O) +Clz{64>- 0) - 6Clz{24» =0,

(26) 8Clz(2.p) - CI2(30- 2.p) - CI2(64)-0)- 8C12('17-0)=0,
(27) 2 CI2(2.p) + 2 CI z(20) + CI z{41f1)- CI z{24>- 20 + 21f1)

- Clz(20- 24>+ 21f1)- 4Clz{21f1)- 2Clz(2.p - 21f1)- 2 Clz(20 - 21f1)=0,
where sine 0 -If; ) sine 4>-1fI ) + sin 0 sin 4>= 0

For further equations of this nature see Section 4.6.9.

A.2.S. The Dilogarithm of Complex Argument

(I) Liz(rei9)=Liz(r,0)+i[w log(r)+ tClz{2w) +t Clz(20) - t Clz(2w+ 20)],

where tanw=rsinO/(I-rcosO)

(2) Li2(r,0)=_t j rlog(I-2rcosO+rZ) dr
0 r

(3) Liz{x,O)=Liz(x), -I.;:i;x.;:i; I
(4) Liz(x,O)=Liz(x)+i'17logx, x> I
(5) Liz(x, '17)=Liz( -x)
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(6) Liz{x, O)=Liz(x, -0) = Liz(x,2n'17:t0)

(7) Liz(x, t '17)= Liz{x,3'17/2)= ~ Liz(- XZ)

(8) Liz(x, '17/3)= -k Liz{_X3)- t Liz( -x)

(9) Liz(x,2'17/3) = -kLiz(X3)- f Liz(x)

[

Z

]

. I . Z I. -x I, -x
(10) Llz(X, '17/4)= 4Llz(Xy2-x )-iLlz (y2- )+iLlz z

x (y2-x)

(II) Liz(x,3'17/4)= ~Liz( -xy2-xZ)- i Liz(y;+x)
I .

[

_X2

]
+ i Liz

(y2+x)Z

See also Sections 5.5 and 5.8.

(12) Liz(x, '17/6)= I~Liz( _X3)- ~ Liz (-x) - t Li2( y~~x)
+ ~ Li2(xy3 -xz)

(13) Liz(x,5'17/6)= ITLiz(X3)- i Liz(x)- i Liz(y3:x)
+~Liz(-xy3-X2)

(14) Liz(I,0)=~('17-0)2-'17z/12, 0;£0;£ 2'17

(15) Liz{2cosO, O)=(f '17-0)2, O.;:i;O.;:i;'17

(16) Li2(cosO, 0)= ~ Li2(COSZO)+ta '17-0)2, O.;:i;O.;:i;'17

(17) Liz(sec 0, 0)= 5'172/24- ~Liz(cOS20)-t log2(cos0)- f 'lT0,
0;£0<4'17

(18) Liz{t sec 0,0) ='17z/12- t 02 - f log2(2cos 0), - t '17<0< t 'IT

(19) Liz{tant B,t 'IT-0)=~B2 + t Liz{tan2t 0)- ~ Liz( -tan2f 0),_.! '17<0 <.! 'IT2 = = 2
n-)

(20) .!.Liz(xn,nO)= ~ Li2(x,0+2r'IT/n)n 0

(21) f Liz(X2,20) = Liz{x, 0) + Liz{x, 'IT-O)

. I 2 I(
xsinO

)(22) dLlz{X,0)=-ilog(l-2xcosO+x )dx/x-tan- I 0 dO-xcos

(23) LiZ{I/x, 0)+ Liz{x, 0)= - t log2(x)+ f('17-0)2 -'172/6,
O.;:i;O.;:i; 2'17

(24) Liz(x, 0)+ Li2(2cos O-x, 0)=(1 'IT-O)Z+ 1 Liz{2xcos O-XZ),
O.;:i;O;£'17

(25) Li2 (1- ;x:~s 0)= 2 Liz(x, 0) + 2Li2 (1- 2~~os 0 ,0)

+ f10gz(I - 2xcos 0)
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For further examples of single-variable equations, see Section 5.4.

(26) Liix, 0)+ Li2(y, 0)+ Li2(z,0)=(4 'TT-0)2+ 4 Liixy) + 4Li2(yz)

+4Li2(zx), where x+y+z=xyz
(27) Li2(-a2,2a)+ Lii -b2,2fi) + Li2(- c2,2y)=2Li2(ab, a +fi)+

2Liibc, ,8+y)+2Li2(ca, y+a), where aeia +beif3 +ceiy =
abcei(a+t3+y)

See Section 5,7 for further details, where a number of formulas of a
similar nature are derived,

(28) Li2(ab, a+,8) = Li2(a, a) + Li2(b, ,8)+ Li2 (b s~n,8 , 'TT+a)sma

L
'

( sina a) I I 2 (
aSina

) h
'

b ' a
+ 12 asin,8''TT+,... +"2°g bsin,8'w ereasma- sm,...=

absin( a - ,8)

(29) Li2 (2 Xo ,20)=2Li2(X,0)+Li2 (2 -; )cos -x cos -x

- 4Li2(2xcosO-X2) n

(30) Li2(x, 0) = 21-n Li2(xn' On)- L 21-r[Lii -xr) - 4Li2(x;-llxr»)'
2
x sin 0

where 0 = 2r-IO and x =
r r sinOr- xsin( Or-

(31) Li2( -x, /J)+Li2( -XI' fj»-Lii -X2' O+fj»
.

[

sin( fj>-O)
]

,

( sinfj> ) 1-
-L12 - sinO ,fj> +L12 - sinO ,fj>+0 ="2 W(x,fj»,

where XI = [x sinfj> + sin( fj>- O»)/sinO, X2 = [xsin( fj>+ 0) + sinfj>)/sinO,

W(x,fj»=Li2
[

- x2s~nfj>+xsin(~-0)
]

-Li2
[

,xsin(~+a)
]xsm( fj>+0) + smfj> smfj>+ xsm( fj>+0)

L
'

[I
sin2fj>

(I
Sin(fj>+O»

)]
L'

(I
Sin2fj»

+ 12 -- +x , - 12 --
sin20 smfj> sin20

+210
[

sin(.fj>+/J)
]

10
[

XSin(fj>-:O)+sinfj>
]g smO g smfj>

(32) Lii -x, /J)-Li2 [ xSin(Ox:~;+ sinfj>' fj>]

L
'

[

_sin 0 /J
]

- L
'

[

- sin( 0+ fj»
]

+ 12 , +fj> - 12 X .
xsin( 0+ fj» + sin fj> smfj>

L
.

(
sin 0

0 ) I
[

sin fj>

]
I

[

sin fj>.

]
+ 12 - ~, + fj> + og og

smfj> sin( /J+ fj» xsin( 0+ fj» + sinfj>
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The follow-up of this equation is given in Section 5.9.8.
,

( sinfj>

)
,

[
sin( fj>-O)

]
I,

(
Sin20

)
(33) L12 - -:--0 ' O+<{> - L12 - '0 ' fj> =(/<{>-"2L12 -;--

~ ~ ~<{>
+10 (s~n<{» lo

[
Sin(,<{>-O)

]g smO g sm<{>
,

[

sin0

]

,

(
sin 0

)(34) L12, ),<{> +L12 -~,O+<{>sm(O+<{> sm<{>

=102-110 2
[

Sin(,O+<{»
]2 2 g sm fj>

.
[

sin(<{>+NO)-
]

,

( sin<{>

)(35) L12 - sinO ,<{>+N+IO -L12 - sinO ,<{>+O

I ~ .

[

sin2/J

]
=NO[<{>+"2(N+I)0]-4.::..,LI2 '2

I sm (<{>+rO)

~
[

sin(<{> + rO)
]

I
[

sine<{> + r - 10)

]
+ .::..,log . 0 og ,

I sm sin( <{>+rO)

(36) Li (- si~ NO N + 10)= 1 02N(N + 1)- 1 ~ Li
(

sin20

)2 sm 0 ' 2 2 .::.., 2 . 2 01 sm r

+ ~ 10 (si~ rO)io (si~r=t0)2 g sm 0 g sm rO

(37) ~I Li2
[

~in2('TTIM)
]2 sm2(r'TTIM)

2 M~l l
[

sin(r'TTIM)

]1 [
Sin(r-I'TTIM)

]
2 I

II )= .::.., og og + 'TT(- - M
2 sin( 7T1M) sin( r7T1M) 2

(38) MLi2( -x, 0)=Li2( -xM, MO)-(M - I)(i M02 -'TT2/I2)M-I'

+4 L W(x, nO), -'TT<MO<7T, where
n=1

o<<{>+ NO<7T

XM =[xsin(MO)+sin(M-lO)J/sinO and
TrJ:( 0) L

'

[
x2sin no+xsin(n-IO)

]
rrlX,n = 12 -

xsin(n + 10)+sin(nO)
- L '

[
xsin(n+10)

]
. 12

xsin(n+ 1O)+sinnO

L
.

(
sin\nO)

[I
sin(n+ 10)

])
21

[
Sin(n+10)

]
+ 12 1- +x + og ,

sin20 sin( nO) sm 0

I
[

x sin(n + 1O)+sin(nO)
]X og , 0sm
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.(M-3)(M-2) I M-l
(39) Li2( - x, 'IT/ M) = 2 'lT2 + 2M L W(x, n'IT/M) with12M n= 1

W as in (38) above.

(40) Li2( -xr, r'IT/M)=rLii -x, 'IT/M)+(r-l)( 2~2 - 112) 'lT2

r-l

- t L W(x, n'IT/ M), where W is as in (38) above,
n=1

and Xr =[xsin(r'IT/ M)+sin(r-I 'IT/ M)]/sin( 'IT/ M)

Other equations of a similar character to the above can be found in
section 5.9.

A.2.6. Tbe Trilogaritbm

f
ZLi2(Z) z Z2

(1) Li (z)= dz=-+-+"',3 0 z 13 23

(2) Lii -1)= - ~ LiP)= - H(3)2

(3) Liit)=iLiil)- ~2 10g2+ilog3(2)

Izl~ I

For other numerical relations see Section 6.3.

(4) ~Li3(X2)=Li3(x)+Lii-x) 2

(5) Lii -x)- Lii -I/x)= - : log x- i log\x)
2

(6) Li3(x)-Li3(I/x)= ~ logx-ilog3(x)-ti'IT10g2(x),2

(7) Li3 ( I---:::x )+ Liil- x) + Li3(x) = Li3(1) + : 10g(1-x)

- t10g(x)log2(I-x)+ i 10g3(I-x), O<x< I

(8) Li3( I:X)+Li3( l~x)+Li3(-X)=Li3(1)- 'IT;10g(l+x)

- t log(x)10g2(1 +x)+ t10g3(1+x), x>O 2

(9) Li3(1 - I/x) + Li3(1 - x) + Li3(x) = Li3(1) +: log x + i log3(x)

- t log2(x)10g(1- x), 0 <x < 1

(10) Li3 (~ ~~) - Li3 (~~ ~ )=2Liil-x)+2Li3 (I ~x)2

-tLi3(I-x2)_~Li3(1)+ 'lT610g(l+x)-tlog3(I+x)

For other single-variable equations see Sections 6.4 and 6.7.

x>1
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(II) Li3
[

~ (I-yl
]

+Li3(XY)+LiiX/Y)-2Li3
[ Xil-Y~ ]Y (I-xl Y I-x

.
[

X(I-Y)
]

.
(I-Y )

.

[

I-Y

]

'.

-2L13 x-I -2L13 I-x -2L13 y(x-I) -2L13(x)

-2Li3(y)+2Liil)=10g2(y)10g( : =~)- ~2 logy- t log\y)

Further two-variable functional equations are given in Sections 6.7 and
6.8 and in Section 7.7.

(12) A (X)= fxlog2Ixl dx
3 0 I+x

(13) Lil-x)=loglxILii -x)+ t10g2lxllog(1 +x)- 4 Aix)

Equations involving A3 may be found in Section 6.7.

f
y Ti2(Y) Y y3 y5

(14) Ti (y)= 4Y=---+--"',
3 0 Y 13 33 53

(15) Tily)+ Ti3(1/y)= sgn(y)( 'IT3/16 + ~ 'ITlog21y j)

(16) Ti3(1)='lT3/32
.

f
p

[

Ti2(p) Ti2(p, a) Tiip, a)

]
(17) Tllp, a)= - + - dp

0 p+a p p+a

(18) Lilreill) = Lilr, e) + i[Tilp) - Tilp, tan e)], p = I rsinO-rcos
(19) Lileill)=CI3(e)+iGIlU)

00 e e
(20) Clle)= L co\n =Li3(l)- f CI2(e)de1 n 0

(21) G13(e) = e( 'IT-I e 1)(2'IT-1e j)/12, - 2 'IT~ e ~ 2'IT
(22) CIlO)=Li3(l)=n3)
(23) Cil 'IT)=Lil-I)= - tLill)
(24) CI3(t'IT)=-f2Lill)

(25) C13(t 'IT)=tLi3(1)
(26) Cllt'IT)=-~Li3(1)
(27) CIl2n'IT:!::B)=CI3(U)
(28) Cli'IT+U)=Cll'IT-B)

I -
(29) 2CI3(re)=CllU)+Cl3(U+2'IT/r)+'" +clle+2'ITr-l/r)r
(30) CIl2'IT/r) + CIl4'IT/r) + ... +Cli2'ITr-l/r)= -(1-I/r2)Li3(I)

(31) Lilry) = i Lii _y2)+ iTi3(y)

(32) ~ Li3(rn,nB)=Lilr, B)+Li3(r, O+2'IT/n)+...2 .n

+Lilr, U+2'ITn-l/n)

Iyl~ I
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(33) ~ Liir2,20)= Liir, 0)+ Li3(r, 0+7T)= Liir, 0)+ Li3(r, 7T-0)

(34) Liir, 0) - Li3(~,0)=- i Iog3(r) + i Iog(r)[3(0-7T)2 -7T2],
0<0<27T

(35) Li3(r, 7T)=~ Liir2)-Li3(r)

(36) Li3(r,!7T)=~Lii-r2)
(37) Liir, 7T/3)= -IsLi3(- r3) -! Lii -r)
(38) Li3(r,27T/3)= -IsLi3(r3)-! Liir)

(39) LsiO)= - f'Iog2(2Sin!0)dO0

(40) LS3(7T)=!Ls3(27T)= -7T3/12
(41) LS3(7T/3)= -77T3/108

(42) f7T OIog(2sin!0)dO=1Li3(I)0

(43) f~' 0Iog(2sin ! 0) dO= * LiiI) -! 7TG0

(44) Ti3(tan! 0) = Ti2(tan! 0) Iog(tan! 0) - ~ OIog2(tan! 0) + 7T3/24

+! Lsi 7T-0)-! Ls3(0) + ~ Ls3(20)

(45) Li3(r, 0)= Liir)+! ['(O-</> )Iog(I- 2rcos</>+r2)d</>0 .

(46) ReLi3[!(l- ei211)]= ReLi3[sin Oei(I1-7T/2)]= f6 Li3(I) + ~ Liisin2O)

+ ! 02Iog(sin0) - ~ Cli20) + ~ Cli 7T-20)

(47) ReLi3[tanOei(7T/2-211)]=;6 LiiI)+ ~ Li3(tan20)- ~Lii-tan20)

+02log(tanO)+ ~ CI3(7T-40)- ~ Cl3(40)

(48) ReLi3(I- eil1)=Re Li2[2 sin(! 0)ei(jl1-7T/2)]=! LiiI) --! CliO)
+ ~ 02Iog(2sin! 0)

(49) ImLi3(I-eil1) =03/24-! OIog212sin! 01- Cl2(0)IogI2sin! 01+ LsiO)
.
(

sin </> )
.

(
sin </> ) 1 2 (sin </>)

2

(50) LI3 sinO ,</>-0 +L13 - sinO ,</>+0 =2</> log sinO

+ ~ Li3(
Si~2</» + ~ Cli20+ 2</»+ ~ Cli20-2</»-! Cli20)
sm2 0

-! Cli2</»+! LiiI)
. . (

2Xsinl/1 1 )
.
(

2Sinl/1 1 )(51) LI3(X,21/1)-2L13 I-x '27T+1/1 -2L13 I-x '1:7T-1/1

=Li (x)-Li (I)+CI (21/1)-!Li (
-4xsin21/1

)
-21/12IOg (

2Sinl/1 )3 3 3 2 3 ( )
2 1- x

I-x

(52) !Cli4a)+ !C13(20+ 2</»+! Cl3(20-2</>)-Cli </>-0+2a)

- CI3( </>-0- 2a) - Cl3( </>+0+7T+ 2a) - Cli </>+0+7T- 2a)- Cl3(20)

-Cli2</»+CliO)=2ia(02 _</>2),where sin</>/sinO=e2ia .
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(53) Lsi2",,20)=2 Ti3(tan",) - 2Ti3(tan"" tanO)+! Ls3(2'" )

[
sine '" + 0)

]
+!Lsi2",+20)-!Ls3(20)+log .sm",

[
sin(", +0)

]
X CI2(2",)+CI2(20)-CI2(20+2",)-",Iog .SIn",

A.2.7. The Higher-Order Functions
"

f
Z Lin I(Z) . Z Z2

(1) Li (z) = - dz = - + - + . . .
n 0 Z In 2n '

(2) Lin(-I)=-(1-21-n)Lin(1)
(3) Li2n(1)=22n-lBn7T2n/(2n)!
(4) Li2n( -1)= -(22n-l_I)Bn7T2n/(2n)!

Section 7.2 gives the first eight Bernoulli numbers.

(5) ~ l Lin(x2)=Lin(x)+Lin(-x)
2n-

(6) Lin( -x)+( -I)"Lin( -I/x)= - 1, Iogn(x)+n.
[n/2]

2 L logn-2r(x)Li2rC -I)/(n-2r)!
r=1

(7) An(X)= fxIOgln-Ilxl dx0 +x

(8) Lin(x)=Iog(x)Lin-,(x)- ;! Iog2(x)Lin-ix)+'"

(-1)"-', (-1)"-1
+ . Iogn-2(x)Li2(x)+ Iogn-\x)Iog(1-x)

-2)! (n-I)!

(-1)"

+ ( ) An(-x)n-I !
1

(9) - An(x2)=AnCx)+AnC-x)
2n-1

(10) An(x)+( -I)"An(I/x)=! Iognlxl +[1 +( -I)n]An(:t 1) according ton
the sign of x

f
YTin I(Y) Y y3 y5

(11) TinCY)= 0 ~ 4Y=J1i-yt+sn-''''
. .

[

I7Tlogn-llyl

(12) TIn(Y)+( -I)"-ITIn(I/y)=sgn(y) ( )n-l !

[(n-I)/2]1 n-I-2rl I

]+2 L tg ~ Ti2r+I(1)r=1 n-I-2r!

(13) Ti2n+ 1(1)=En7T2n+ 1/(22n+2(2n)!)

The first five Euler numbers are given in Section 7.2.

Izl~ 1

Iyl~ 1
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(14) Ti (p,a)= f
P

[
Tin-I(P) + Tin-I(p,a) - Tin-I(p,a)

]
dP

n 0 p+a P p+a

(15) Lin(reiO)=Liir,B)+i[Tin(p)-Tin(p,tanB)], p= 1 rsinB B
. iO. -rcos

(16) Lt2n(e )=G12n(B)+IC12n(B)
(17) Li2n+ I( eiO)= C12n+ I(B) + iG12n+ I(B)

co sin rB
f
"

(1S) C12n(B)= ~ ~ = Cl2n-I(B)dB
I r 0

co cos rB.
f
"

(19) C12n+I(B)= ~ ;- =LI2n+I(1)- C12n(B)dB
I r2n+ 0

(20) G12n(B)= ~ co~:B
I r

(21) Gl (B) = ~ sin rB
2n+ I £.J 2n+ I

I r

(22) Gln(B)= (-ly+[n/2]2n-I'1TnBn[B /2'1T]/n!,
1 m-I

(23) --;=) Cln(mB)= ~ CliB+2'1Tr/m)m r=o
. 1

(24) - 2 C12n+I(2B)=C12n+lB)+C12n+I('1T-B)
2 n

(25) Cl (1'17) = -2-(2n+I) ( 1-2-2n ) Li ( 1)
2n+1 2 2n+1

(26) C12n+l('1T/3)= i(1- r2n)(1- r2n)Li2n+ 1(1)

Other formulas involving Cln and GIn can be found in Sections 7.2, 7.3,
and 7.5.

O~B~ 2'1T,n> 1

(27) Lin(iy)= ;n Lin( -y2)+iTin(Y)
1 m-I

(2S) --;=) Lin(rm, mB)= ~ Lin(r, B+2'1TI/m)m 1=0

(29) Lin(r, B)+( -ltLin(1/r, B)= - J,logn(r)n.

[n/2]logn-2m(r)

+2 ~ ( G12m(B)m=1 n-2m)!

(30) Lin(-r,O)=Lin(r,'1T-B)

(31) Liir,O) = Lin(r), r< 1

(32) Lin(r, '1T)=~ Lin(r2)- Liir)
2n-1

(33) Lin(r,i'17)= ;n Lin(-r2)

(34) Li (r '1T/ 3) = 1-.~ Li ( -r3 ) - 1Li ( -r )
n , 2 3n-1 n 2 n
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(35) Re Liil- ei") = ~ Ls~l)(B) - ~ BLsi B)+ BS2log2(2 sin i B)

+ HLi3(1) - CliB)]log(2sin i B) -B4/ 192 .

(36) ImLiil- ei") = - iLsi B) + i Lsi B) log(2 sin i B) - ~ log3(2sin i B)

+ % CliB)log2(2sin i B)+ ~; log(2sini B) - ~ CliB) + ~ BLiiI)

(37) fTlog3(2siniB)= 32'1TLi3(1)0

f
7T/3

(3S) Blog2(2 sin i B) dB= 17'1T4/64S0
0

Other numerical values of log-sine integrals can be found in Sections 7.6
and 7.9.

(39) t Liix2)= Liix)+ Lii -x)

(40) Lii -x)+ Lii -l/x)= -7'1T4/360- ~log4(x)- * '1T21og2(x)

(41) Lii -X2Y1J/~)+ Lii _y2X~/1J) + Liix2y /1J2~)+Liiy2x/e1J)

=6Liixy)+6Li4(xy /~1J)+6Lii -xy /1j)+6Lii -xy /~)
+ 3 Li4(x1j)+ 3 LiiyO + 3 Liix/1j) + 3Li.iy /~)
+3Lii -x1j/O+3Lii -yU1J)+3Lii -x/1JO+3Lii -y/1J1;)

- 6 Liix) - 6Li4(Y) -6Lii - x/O - 6Lii -y /1J)+ % log2(Olog2( 1J),

where ~= I-x, 1J=1-y

Single-variable formulas derived from (41), together with similar for-
mulas for Aix), will be found in Section 7.7.

(42) T6 Lis(X2) = Lis(x) + Lis( - x)

(43) Lis( -x)- Lis( -l/x)= - i~O logs(x)- 16 '1T21og3(x)- 3~ '1741og(x)
(44) Lis( _X3)+ Lis( -C) + Lis(x3 /C)=9Lis(x~)+9Lis( -x/e)

+9Lis( -X2/~)+ 54Lis(x)+54Lis(~)+54Lis( -x/O

+ Sl Lis(-x)+Sl Lis( -~)+Sl Lis(x/O+ ~ log\~)logx

+ /;0 '1T41og(~)-~ '1T21og3(O-~logs(O+21 Lis(1), where ~= I-x

Special cases of this formula, together with a two-variable functional
equation for As(x), will be found in Section 7.S.

(
d

)
n

[

CO xn

]
(45) LSn+i('1T)= -'1T -d exp ~ -( -lr(1-21-n)~(n)

x 2 n x=o

(46) LSm+2('1T)=( _l)mm!['1T(1-2-m)nm+ 1)

-(1-22-m)nm-1)Lsi '1T)/2! +(1- 23-m)t(m- 2)Lsi '1T)/3! + . . .

+( -l)m(1- i)n2)Lsm('1T)/(m-l)!]
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(47) I77 logn[(2sin t B)(2cos t BY] dB0

=-7T(:Xr exp[~ :n (-If(1 +pn-(tf -(tp f -(tl +pf)K(n)] x=O
Many other formulas of this type will be found in (7.126)-(7.166).

(48) f77 log2(2sintB)log(2costB)dB=* 7Tr(3)0

(49) LSS(7T)=-197TS/240. See (7,113) for further values.
(50) LSn(B+ 2m7T) = 2mLsn( 7T) + Lsn(B)
(51) Ls~')(2m7T)+ Ls~I)(B)- Ls~')(2m7T- B) =2m7TLSn-I(B)

(52) Ls~')(2m7T)=2m27TLsn-,( 7T)
(53) Ls~)(2m7T)+( -lr-'Ls~)(B)-Ls~)(2m7T-B)

r

= L (-lr-p(2m7TY(;)LS~r-=-:)(B)p='

A.2.S. Summation of Series

V2 w V3

(
W w2

)
V4

(
W W2 W3

)(I) 2T-3" T-T +4 T-T+3 -...
,

[
(I +v)w 1 " (

W

) (
I

)=L12 I+w J-LI2 I+w +Iog I+w log(I+v), Ivl<l, Iwl<1
V3 W2 VS

(
W2 W4

)
V7

(
W2 W4 .W6

)(2) 3'1+5 I+T +7 I+T+3 +...

=L
'

[

W(I+V)
]

L
'

[

-w(I+v)
]

-.!L'

[

-W2(I-V2)

]
12 I + 12 I 2 12 2+w -w I-w

, 2 (
I-V

) I 2 (
I+W

)+-log(1-w )Iog - +-Iog -
2 I +v 4 I-w

X2 X3 X4

{

. ,
(3) In2m-2n3m+3n4m-"'=-x Lln(-x)-mLln-'(-X)

m(m+ I) L' ( I)
n-' m(m+ I)..' (m+n-2)

+ 2! In-ix)-'" + - (n-I)!

[Lil( - x) + m+ ;-1 ]} +( -IY [ Lim(-x)+nLim_,( -x)
n(n+ I) L' ,

)
n(n+ 1)(n+2)... (n+m-2) L

"
(

)]
+

2 ' Im-2(-X+"'+ ( )
II-X,

, m-I !

where Li,( -x)= -log(1 +x)
00 1

(
1 I 1

)
00 I

(4) L - - + - +... + - = L - =Liil)
2 n2 I 2 n-I I n3

~ 1 (
I I I

) I ~ I ,. 4/(5) "::'3 1+"2+'" + n-I ="4"::'4"="4Ll4(1)=7T 3602 n I n
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00 p+2
(

I I

)(6) L 1+-+...+- =2K(3)+(I-log2)'7T2/6
p=o 2P(p+ If 2 p+ I

~ ' p + 2 (
I I

) 5 7T2, 2
(7) ..::. (-IY 1+ +- =-r(3)+---log 2

p-o (p+I)2 2 p+1 8 12 2
00

[

q-2 L' (I)

]
(8) il f(xu)Liiu)du= L apxP L (-I)k lq-k k+1

0 p-o k-O (p+ I)
00 a xP

(
I I

)- L (- I)q p 1+ - + .. . + -
p=o (p+ I)q 2 p+ I

n-I n-I

(9) If xn = L aPYn-p/P!, thenYn= L (-IYaPxn-p/P!
p=O p=o

00 cos(nB) 7T2

(10) L =12-.H B2 + log2(2 cos B)],I (2cosBfn2

II ~ (2cosBfcos(nB)
(0

I
)2 I n 2

( ) ..::. 2 = -I7T, 37T<U<37TI n

00 Xn+ I

(I I I
)(12) L 2 -+-+... +- =tlogxlog2(I-x)

I (n+ I) 1 2 n

+ log(1-x)Liil-x)- Liil-x)+ Liil)
00

(13) L[Li2n(l)-I]=~
I

00

-.!7T<(}<.!7T3 3

(14) L[Li2n+,(1)~I]=i
I

00 I
(IS) L - Li2n(1)=-2

1

I 22n

00 I

(16) ~ 22n+1 Li2n+,(l)=log(2)- t
See Section 8.3.5 for further details.

A.3. REFERENCE LIST OF INTEGRALS

A.3.1.

. I ( I n ) I
(1) Ix og +ax dx= - - Li (-axn)0 x n 2

(2) ItlOg(a+bt) dt=~IOg (
ae-be

)IO (
e+et

)-~Li
[

b(e+etJ
]0 e+et e e gee 2 be-ae

I
L

'

(
be

)+- 1 -
e 2 be-ae
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idog(a+bt) I
[

b
]

I
(

be

)(3) dt=-10g2 -(e+et) --10g2 ~

0 e + et 2e e 2e e

1
L

.

[

be - ae

]

I
L

.
(

be - ae
)+- 1 -- 1 -.

e 2 b( e + et) e 2 be

(4)Vmn= I xm10g(x) dx;
, (a+bx2r+1/2

h
xmlog(x) I Xm-l

t9 - b

(a+bx2r-1/2 (a+bx2y-I/2

=mVm-l,n-1 -(2n-l)bVm+I,n =maVm-l,n -(2n-m-l)bVm+l,n
=(2n-l)aVm-l,n -(2n-m-I)Vm-I,n-1

I 10g(y) I 1 . -I . -I 1(5) dy= -1:C 2(2s111 y)-Slll (y) og2

yl_y2

(6) f ~ 4Y~JLi,[(Y1+Y' -Y)']+J1Og'
( ~ +y)

1+y2

(7) f ~ 4Y~JLi, [+-YY'-l )']+J1Og'(Y+~)

iX10g(l+x2) . . (
2x

)(8) I dx=iLIz<-X2)+iLI2 - -Li2(x)
0 -x I+X2

+ i log2(1 +x2)-10g(l-x)10g(1 +X2)

A.3.2.

(1) (tlog[ fj2 + (a + t)2] dt= log[fj2 + (a -e)2]IOg (
e+ t

).

)0 e+t e

-2Li2

[

c+t 'O

J

+2Li2

[

e ,o

j

,where

y(c-O')2+fj2 y(c-O')2+fj2
c-o'

cosO=

y(c-O')2+fj2

(2). (x 10g(A + Bx+ CX2) dx=!

[

10 ( D / b2) 10 a+bx
) - a+ bx b g g a

0

-2Li2
(

a+bx ,0
)

+2Li2
(

a '0
)]

'
VD/C VD/C

where cosO=(aC- i bB)/\! CD and D=Ab2 -abB+ Ca2
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(3) it 810g(a+t) dt=itan-I (
8t

)
10g[82+(O'-y)2]

0 (y+t)2+82 82 +y2 +yt

- i C1z{20+2cp)+ i C12(200+2cp)- iC12(7T-20)+ i C12( 7T- 2(0),

where tanO=(y+t)/8, tan 00=y/8, and tancp=(a-y)/S

4 It (y+t)log(a+t) d 1 1
[

(y+t)2+82

]1
( )( ) t = 1: og og a + t

-0 (y+t)2+82 (y-a)2+82

+Li2( a;/ ,0), where M=y82 +(y-a)2 ,cosO=(a-y)/M

J(y+t)10g[fj2+(

.

y+t)2] I.

[

82-fj2

]
(5) dt= 1:LI2

82+(y+t)2 82+(y+t)2

[

82+( +t)2

]+ i log 8~ log[84 +82(y+t)2]

I (y+t)10g[fj2+(O'+t)2] (l-I;COS2CP )(6) dt =log I 10gcos(0-cp)
82+(y+t)2 -I;

[

COS0

]

.

[

21;

]+ log ( ) 10g(cosO)+iLI2 -- 1 COS2(O-cf»
N 1-l;cos2cp -I;

2 L
.

[ cos 0 V I - I; ,1,]

- 2 L
"

[

cos 0

]
+ 12 ''I'' 12 ,cp,

cos(O-cf» 1-l;cos2cp cos(O-c[»

where N= i[82 + {32+(0'- y)2], l;=yl-({38/Nf ,

tan2cp=28(O' - y)/[{32 + (a _y)2 -82], tanO=( y+ t)/ 8,

V I-I;cos1f;=coscp I 2-I;COS cp

I 810g[{32+(a+t)2]
(7) dt=010g4N-Clz{7T-20)

82+(y+t)2 -

(

I-~

) (
I-~

)+(O-cp)log 2 -1]log I; +iCl2(21])

+iC1z{40-4cp-21])-iC1z{40-4cp), where N, 1;,cp, and () are

I;sin(20-2cp)
as in example (6) above and tan 1]=

I +l;cos(20-2cp)- ~

A.3.3.

(I) i8 10g(sinhO)dO=iLiz{e -2°) -010g2+ i 02 -7T2/120
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(2) f810g(coshO) dO= t Lii -e -Z8) -01og2+ t OZ+7TZ/24°

(3) f81og(tanhO) dO= i Lii e -Z8) - i Liz( -e -Z8)-7TZ/8

f
08 I

(4) log(sinO) dO= - 01og2 - 2:C1z(20)
°

(5) f810g(COS 0) dO = - 01og2 + tCl i '71'- 20)°

(6) f81og(tanO)dO= - tClz(20) - iC1z('71'-20)°

(7) f810g~cosO) dO=.!.Li (-tanzO)
° sm20 8 Z

(8) f8 tan Olog(tan0) dO=* Lii -tanZ O)-log(tanO)log(cos 0)°

(9) f t "cot Olog(cot 0) dO = * Liz( - cotZ 0) -log(cot O)log(sinO)°

(10) f8 tan Olog(sin0) dO= * Liicosz 0) -7TZ/24°

(11) f8 cot Olog(cos0) dO= - * Liisinz 0)°

(12) f8 tanOlog(cos 0) dO= - t logz(cos 0)°

f
8OdO

(13) -:-- 0 =Clz(0)+Cli7T-0)+01og(taniO)
° SIn

(14) f8 Ocot(O)dO= tC1Z(20) + 01og(2sin 0)°

(15) f8 Otan(0) dO=tClz( '71'-20) - 01og(2cos 0)°

(16) f8 OZsec2(0) dO=OZtanO+ 201og(2cos0) - C1i '71'- 20)

f
08 .

(17) OZcosecz(O)dO= Cli20)+ 201og(2smO) -OZcot 0
°

(18) f8 OZcos(O)cosecZ(0) dO= 2C1i 0) + 2C12(7T- 0) + 201og(tan to)°

- OZcosec( 0)

f
x sin-I(x)

(19) dx= t Clz(2sin-lx) +sin-l(x)log(2x)
° x

(20) f8tan-l (I asinO 0)dO=Liz(a)-Liz(a,O)
° -acos

f
8

( sin<f>+asinO )
. .

(21) tan-I 0 dO=°<f>+L1ia, <f»- LIz(a, O+<f»° cos <f>-acos

f
8 OdO 2

[

OZ
0 0 -I (

sin<f>+asinO )22 =- -- <f>+ tan
( ) ° l+az-2acos(0+<f» I-az 4 cos<f>-acosO

+Liia,O+<f»-Liia,<f» ]
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(23) f'1>cot(O+ <f>)log(sin<f» d<f> =7TZ /6 + t <f>(<f>+20- 2'71')°
.

[
sine 0 + <f»

]

.

[
sine 0 + <f>)

]+log(smO)log sinO -LIZ sinO,<f>

(24) f</>cot(O-<f>)log(sin<f» d<f>=-7TZ/6+ t<f>(20-<f»°

.

[
sine 0 - <f»

]

.

[
sine 0 - <f>)

]-log(smO)log sinO +LIZ sinO ,<f>

f
</> sin20 . .

[
sin(O-<f»

](25) 2 201og(sm<f»d<f>=L1z . 0 ,<f>° cos <f>- cos sm

.

[
sine 0 + <f>)

]

.

[

sine 0 + <f»

]- LIZ . 0 ' <f>+ log(smO)log. ) + <f>(20-7T)sm sm( 0 - <f>

f
</> sin2<f> . .

[

Sin(O-<f»

](26) 2 201og(sm<f»d<f>=Llz . 0 ,<f>° cos <f>- cos sm

.

[
sin(O+<f»

]

.

[

l-cos20

]+ LIZ . 0 ' <f>+ log(smO)log 2 20sm cos <f>- cos

+<f>(7T-<f»-7TZ/3

f
-) sin 8

[ ( asinO

)]
Z

(27) olan (cos8-a)sin-l(asin<f»d<f>=t tan-I I-a cosO

+ Liz{a) - Liz{a, 0)

(28) f8 tan-l(btanO) dO= tLiz[(1 + b)sinO, t '71'-0]°
- tLiz[(I-b)sinO, i '71'-0]

(29) J8 tan-l(a+btanO)dO=-(0+<f»tan-I(B-1tan<f»
-</>

+ tLiz[(1 + B) sin(O+ <f»,t '71'- 0 -<f>]- iLiz[(I- B)sin(O+ <f», t 7T- 0
-<f>],where B=tan(t {3),sin{3=2b/(1 +az +bz), tan2<f>
= -2ab/(l +az -bz)

f
8 OdO

{ [
sin(O+<f»

](30) . () . (20 ) =tseC<f> Olog 0 +iClz(20+2<f»° sm <f>+ sm + <f> cos

-tCli2<f»+tC1z{7T-20)} .

(31) Jetan-I(a+bx) dx=Olo
[

Sin(O+<f»

]c+ex g cos 0

+ t Clz{2<f> + 20) + i Clz{ 7T- 20),

! where tan <f>= (bc-ae)/e, tanO=a+bx
. Jftan-I(a+bx) d d J(c+ex)tan-I(a+bx) dx(32) To mtegrate x an

(c+ex)z+fz (c+ex)z+fz
put c + ex = ftan 0 and use previous results
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(33) 1910g(siti- 0- sin2 cp)dO= 19 log(COS2cf>-COS20)dO</> </>

= tCI2(4cf» - tCI2(20+ 2cp)- tCli20- 2cp)- 2(0-cp )log2

(34) £</>log(sin2cf>-sin20)dO= £</>Iog(cos20-cos2cf»dO

= tCI2(20+2cp)- tCI2(4cf»- i CI2(2cf>-20)+2(0-cf»Iog2'

(35) 19IOg(COScp- cos 0) dO=CI2(2cp) - CliO+cf>)-CI2(0- cp)
</>

-(0-cf»log2

(36) 19IOg(1 +sec cf>cosO)dO= -0Iog(2coscf»+Cli?T+cp-0)
0

+Cli?T-cp-O)

(37) 19 log(tanO+ tancf» dO= -OIog(cos cp)- t Cl2(20+ 2cf»0

+ i Cl2(2cf» - i CI2(?T- 20)

(38) f910g(1 + sincf>cos0) dO= 0log(sin2 t cf» -1jlog(tan2 i cf» -CI2(20)
0

+ Cli20- 21])+CI2(21]),where tan 1]= sinO/(tan i cf>+cos0)

(39) 19 Iog(I-2rcos 0+r2)dO=Cli20+2u»-CI2(20)-CI2(2u»0

-2u>Iog(r), where tanu>=rsinO/(I-rcosO)

(40) f Iogfa2 +(btanO+c)2]dO can be deduced by putting btanO=t and
using previous results

(41) f log(I-2rcos asinO+r2sin20)dO can be deduced by putting

tantO=t; see (8.70) .

A.3.4.

(1) 1I Xa-I Liix) dX=?T2/6a -[\}I(I +a) +y J/ a20

11 ?T2 1
(

1 1 1
)(2) . x"Li2(x)dx= - - + - +... +-

0 6( n + 1) (n + 1)2 1 2 n + 1

f
,Li2(t)dt ?T2 Liix) Iog2(I-x)

(3) = - x < 1
0 (l-xt)2 6(I-x) x 2x'

f
7T/2

(4) Li2(-y2tan20)dO=2?TLii-Y), y';;;;0
0

(5) fIlog(I-2X;OSO+x2) dX=?T2/6-i(?T-0)2,0

(6) f7T/2 sin-'(asinO)dO=xia), O~a~ 10

O~O~ 2'17
'0,"

.,.

,~
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f 00 tan - I( ax ) 2 I 2 I . (
1

) I .
(7) dX=?T/6-4Iog (l+a)-IL12 _1 -ILI2(I-a)

0 I+x2 +a
?T2

(
I-a

)=S-X2 I+a

(8) f7T/2 tan-I(A cosec x) dX=?T2/4- 2X2[(1 + A2)1/2 -A]0

f 7T/2 x2dx I+P2

[

?T3?T.

]

2 2p
(9) I p 2 =~ 24

+-
2 L12(-p) , p <I,P=~

0 - cos x I-p 1+p

f 7T x2 1+ q
[

?T3

]

4q(10) 2 dx= _1 -
3 +?TLi2(q), q< 1,Q=

0 1- Qcos x - q (1+ q)2

f
7T x2 I+r2

[

?T3 .

]
2r

(ll) 1 R 2 dx=~ -3 +?TLlir), r<I,R=~
0 - cosx I-r I+r

7T 2 1+ 2 X (rI/2 ) 2(12) f x COSX dx=-2?T~ 2 r<I R=~
0 l-Rcos2x l-r r1/2' , l+r2

(13) f 7T xtan-I
[

2p 2 sin X
]

dx=2?TX2(P), p2 < 1
0 I-p

(14) (I/?T) f7T secx Li2(sinOcos x) dx =Cli20) + 0Iog(2sinO)0
.

f 7T ((7T+</»/2

(15) J~ log(I-B2cos20)dOdcf>=4Xlp)-i?T2IogC
0 </>/2

withp=B/D, C=4/D, D=2-B+2(I-B)1/2

(16) ~sin -Is sin-l (si~ tJ;)Cli2tJ;) dtJ;= ~ [CIl?T) -CIl2sin -I s)

+IogsLi2(s2)-Li3(s2)], s>O

(17) f'IOg(X)IOg2(1-x)dx/x= -?T4/1800

A.3.5.

f
x

(
1- xc

) (
1- cx

)(I) oIog(1-y)Iog(l-cY)dy/y=Li3 I-x -Li3 c(l-x)
- Lill-x)- LiJCI-cx)+ Lilljc)+ LilI)+ Iog(1-cx)[Liiljc)

- Liix)]+ log(I-x)[Liil-cx) - Liil/c)+?T2/6]
+ t log(c)log2(1-x)

2 Jlog(a+bx)log(c+ex) dx=Io (-L )Li ( )
( ) f+gx g g cg-ef 2 y

+ Iog( ag~bf) Li2(Ky)+ IOg( cg~ef) log( ag~bf )IOgy

J - e ag-bf b(J+gx)+ log(1-Y)IOg(1-Ky)~/y,whereK=- b
'-

if'y= bf 'cg-e -ag
and example (I) above is used for the last integral; this result
holds provided ag-bf=i=O and cg-eft=O [see examples (3)-(5) below]
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(3) In example (2) if ag-bf=l'O but cg-ef=O, then the integral equals

log
[ (bg ) ]

LiiY)+IOg
[ (bg ) ]

IOg( g
bif)logy

e bf-ag e bf-ag ag-

- ! log( ag~bf) log2(y) + f log(y) log(1- y) dyjy
(4) If ag-bf=O but cg-ef=l=O, then the integral equals

log
[ (eg ) ]

Li2(z) + log
[ (eg ) ]

IOg(~ )logz
b ef-cg b ef-cg cg-eJ

-! IOgLg~ef) log2(z)+ f log(z)log(l-z)dz/z, where
e(J+gx)z=

ef- cg
(5) If ag-bf=O and cg-ef=O, then the integral equals

! log(e/b)log2( v)+ t log3( v), where v=b(J+gx)/g

(6) fX log2(I-x)dx/x=log(x)log2(1-x)+21og(l-x)Liil-x)
0

-2Liil-x)+2Li3(1)

(7) fX log2(1+ x) dx/ x=log(x)log2(1 + x)- t log3(1 + x)0

-21og(1 +x)Li2 (1~x) -2Li3 ( 1~x) +2Li3(1)

(8) fX log(x)log(1-x) dx/x= Liix)-log(x)Li2(x)0

(9) IXlog(x)log(x -1) dx/ x= t log3(x)+ log(x) Li2(1/ x) -2Liil/x)+I ,
2Liil)

Further results of this character are given in Section 6.4.4.

(10) fX log2(x)log(1-x)dx/x= -2Liix)+21og(x)Li3(x)0

-log2(x)Li2(x)

(11) fXlog3(x) dx/(1- x) = - 6Liix) + 61og(x)Liix) - 3 log2(x)Li2(x)
0

-log3(x)log(1- x)

(12) £xlog2(x)log(1-x)dx/(1-x)=2 [Li4(1-X)

- Liix)- Li4 ( 1-=-:) - Li4(1)]+2 log(l-x )Liix) -log(x )Liil-x)

+ Li3(1)log( 1~ x) ] + 21og(x )log(1- x)Li2(1- x)

+ f21og2(1- x) [61og2(x) +41og(x) log(l-x) -log2(1- x) - 2'IT2]

For further results of this type see Section 7.6.1. Equations (7.48) and
(7.49) give similar results for higher powers of the logarithms.
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The limiting value x= 1 in Equation (12) gives

(13) fl log(x)log2(1-x)dx/x= f Ilog2(x)log(1-x)dx/(1 -x)0 0

= -'lT4/180

A.3.6.

(I) f'" log(2sin",)log[2sin(",+ 0)]d",= -! Lsi2",) + tlog(r) Ls2(2{.,))0
f} .

(2) f log2[2sin(0+"')J dO= -",log2(r)-log(r)Lsi2",)+ t Lsi2",)0

- !Lsi20 + 2",)

(3) f'" log2[2sin(0+",)J d",= - ",log2(r) - log(r) Ls2(2",) + ! Ls3(2",)0

(4) if} log(2 sin '")log[2 sin(", + O)JdO= -! log(r)[Lsi2",) + Lsi20+ 2",)J0

+ -iLsi2",)- -iLsi20+2",)

f
f} .

(5) log2(2sm",)dO= -iLs3(2",)--iLS3(2",+20)+(",+0)log2(r)0

-loge r) Lsi2", + 20).

In the above five formulas", and 0 are related by the equation
sin( '") .

. ( ) =r, where r ISa constantsm ",+0

A.3.7.

OOI-e-al
(I) 1 Ci(t)dt= ~ Lii -a2)0 t

00 I-e-al
(2) 1 si(t)dt=Tiia)0 t

00 I-e-al

(3) [ Ei(-t)dt=Lii-a)'0 t
00 -al

(4) 1 ~ Si(t)dt=Tiil/a)0 t
00 -al

(5) lim - 1 ~ Ei( -t)dt=Li2( -a)+'lT2/12+ !(y+loge)2.-.0 . t

(6) 100 e~PXLi2( -p2)dp= -(2/x)[Ci2(x)+si2(x)]0 .

1
00

f
oo eX

. (7) e-PXLii-p)dp=(I/x) -Ei(-x)dx
0 X x

For other results of a similar character see Section 1.9.5.
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A.3.8.

(1) Lip(z)+ LLp(z) =21-PLip(z2)

(2) Lip(z)=~ i ooztP-ldt,
r(v) 0 et-z

. i7TP . ei7TP/2(2'1T r (
log z )(3) LlJz)+e Llp(1/Z)= r(v) ~ I-v, 2'1Ti '

(4) lim(1-z)I-PLip(z)=f(l-v), O<Rev< 1
z~1

Re v > 0

Rev<O

A.4. TABULATED VALVES

A.4.1. Several of the earlier writers spent a good deal of effort in preparing
tables of the various functions we have studied. The convergence of series
expansions was sometimes very slow and much work was put into develop-
ing alternative expansions for particular ranges of the variables. Consider-
able use was made of the various functional equations, and in fact these
were often judged mainly on their merits as aids to computation. Among
the earliest and perhaps most remarkable of these works is Clausen's
sixteen-decimal tabulation * of the log-sine integral at 1° intervals. The
Fourier sine series would appear to be quite unsuitable for computation to
this order of accuracy, at least not without some extensive manipulation,
and we are, perhaps, in some sympathy with Newman, who admits rather
dolefully that he did not know how it was done.

Spence* tabulated, at unit intervals, and to nine decimal figures, his
second- and third-order logarithmic functions, together with the function

I

C (x)== tan-I(x) / x.

A small table of the same nature for the dilogarithm was also published by
Hill,* and an eleven-decimal tabulation of A2(x) at unit intervals was
given by Kummer* in 1840.

The first comprehensive table for the dilogarithm was given by New-
man* from values computed by J. C. Adams. More recently, Powell* has
given a tabulation of the related J;[logx/(l-x)]dx to seven places of
decimals with x from 0 to 6 in 0.01 steps; and a short note by Fletcher*
corrects some values in these tables. A nine-decimal tabulation of

J: -(logll-YI/y)4Y with x= -1.00(0.01)1.00 has been given by Mitchell*
in a short paper reviewing some of the uses and properties of the diloga.
rithm.

.The locations of these tables are given in the references in the bibliography, sections B.2
and B.3.
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In connection with an electrical problem the function

! f XlO l1+tl dt
'1T 0 gjl-tl t'

which is closely related to Legendre's X2-function, has been tabulated by
Corrington* to five decimal places.

A more recent tabulation (1956) of this same function by Thomas to
seven-figure accuracy is given in Bell System monograph No. 2550. The
tabulation interval for the independent variable has been chosen to permit
linear interpolation to one unit in the last decimal place.

A number of special functions occuring in physical problems have also
been tabulated and are discussed in Section 1.12. One might mention here
a short table for polylogarithms of order -.L I and ~ given by Truesdell
on page 150 of Annals of Mathematics, 1945 (University of Michigan).

A tabulation of Cl2(0) to six decimal places at 1/6° intervals is given by
Ashour and Sabri in Mathematical Tables and other Aid8 to Computation,
April, 1956, pp. 57-65. This supplements Clausen's table, whose tabulation
interval of 1° has been found too coarse for recent applications.

Modern computational methods have somewhat eclipsed the results of
the earlier workers, but have made available a range of tables which would
not have been likely to have been prepared in any other way. In 1954 the
staff of the computation department of the Mathematisch Centrum,
Amsterdam, under the leadership of Prof. Dr. Ir. A. van Wijngaarden
produced a report on the numerical values of the polylogarithms for the
first twelve orders, to ten decimal places. For real argument the variable
ranges from -1(0.01) to + 1, and for imaginary argument from 0(0.01) to
1. The complex argument (modulus unity) is taken in the form ei7Ta/2with
a = 0(0.01)2.

A notable absentee from this list is the function Lin(r, 0) with Li2(r, 0),
which occurs in a number of physical problems, as the most important. In
view of the prominence given to this function throughout the book it was
felt desirable that this particular gap should be filled, and a six-decimal
tabulation with r=O(O.Ol)l and 0=0(5°)180° has been prepared by the
Scientific Computation Service and is presented in Table V. For the other
functions the reader cannot do better than refer to Report R24 of the
Mathematisch Centrum mentioned above. Thanks to the kind permission
of Dr. van Wijngaarden it has, however, been possible to include a number
of extracts from these tables, which it is hoped may be of some use. The
first four functions are given, with the values rounded off to the fifth
decimal place, for positive values of the argument. By the use of formulas

.See footnote to p. 312
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already given the range of the tables can be extended: the more important
of these formulas are given with the tables.

The polylogarithms of real argument are given in Table I, the inverse
tangent integrals in Table 2, and the Clausen and associated Clausen
functions in Tables 3 and 4. '

Much recent work has been done toward providing efficient algorithms
for the numerical computation of polylogarithms. Computational methods
as such are not within the scope of this book, but in Section B.3 the reader
will find some references to recent work in this field. There are also some
recent calculations by Fomberg and Kolbig on the location of the complex
zeroes of the polylogarithms. .

A.4.2. The relation Lin(-x)=21-nLin(x2)-Lin(x) extends the tables to
negative values as far as x= 1. For larger values the inversion relation
should be used. For the first four functions this equation gives, for positive
x,

Li2( -x)= -'17"2/6- t log2(x) - Li2( -I/x),

.Lii -x) = -'I7"2/6Iog(x) - -klog3(x) + Li3(-1/x),
2

Lii -x)= -7'17"4/360- 72 log2(x)-f.llog4(x)-Lii -l/x),

7 4 2

Li5( - X) = - 3~0 log(x) - ;6 log3(x) - I~Olog5(x) + Li5( -1/ X).

The values of the constants may be obtained via the tables by using the
value x = 1.

For n=2 the value of Li2( -x) may be obtained from the values of
Li2(x, 0) in Table 5 with 0= 1800.
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